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Negative skin friction on piles: a simplified analysis 
and prediction procedure 
E. E. ALONSO*, A. JOSA1‘ and A. LEDESMAt 
In order to describe the interaction between a single 
pile and a consolidating soil a stress transfer approach 
at the interface is proposed. The non-linear, plastic 
character of the shear stress acting on the pile shaft 
and the adequate modelling of unloading and cyclic 
behaviour are properly incorporated through a ‘shoot- 
ing’ solution procedure of the equilibrium equations. 
The whole problem is formulated in dimensionless 
terms both for external uniform loading conditions 
and for changes in piezometric levels. The formulation 
and the computational procedure developed are fairly 
general and may accommodate arbitrary layering and 
complicated loading sequences. In many practical situ- 
ations the whole length of the shaft-soil interface has 
reached a limiting shear stress state except for a 
narrow zone around the neutral point. It is then 
possible to derive analytical solutions for the main 
design parameters. Their usefulness has been checked 
through several well-documented case records. 
L’article propose de prendre le transfer? de contraintes 
interfacial afin de pouvoir decrire l’interaction entre 
un pieu individuel et un sol consolidant. La nature 
plastique non-lineaire de la contrainte de cisaillement 
agissant sur le ftit du pieu et le modelage approprie du 
dtchargement et du comportement cyclique sont 
incorpores de facon convenable par le moyen d’une 
methode qui procede par tatonnements (shooting) 
pour resoudre les equations d’tquilibre. Le probleme 
est formule dans des termes sans dimensions aussi bien 
pour les conditions de chargement uniformes externes 
que pour les changements des niveaux piezomttriques. 
La formulation et la methode de calcul qui ont et& 
develop& sont de nature assez generale et peuvent 
inclure la disposition arbitraire en couches et des 
suites compliquees de chargement. Dans beaucoup de 
situations pratiques la longueur entiere de l’interface 
fWso1 a atteint un Ctat limitant de contrainte de 
cisaillement a l’exception d’une zone etroite autour du 
point neutre. 11 est alors possible de deriver des solu- 
tions analytiques pour les parametres principaux de 
construction. Leur utilite a et6 control&e par moyen de 
plusieurs cas de construction bien document& 
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Present procedures for the predictions of nega- 
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following two broad categories. 
(a) A distribution of friction stresses along the 
@I 
pile shaft is proposed by some empirical 
reasoning. The integration of these stresses 
gives the desired total downdrag. Both total 
and effective stress analyses can be accom- 
modated. Analyses of this type have been 
given, for instance, by Terzaghi & Peck 
(1948, 1967), Elmasry (1963) and Broms 
(1977). 
Elastic and elasto-plastic analysis of the 
pile-soil interaction. Early elastic analyses 
based on integral equation methods and 
existing analytical solutions for point loads 
within the half-space were provided by Salas 
& Belzunce (1965), Begemann (1969) and 
Verruijt (1969); recent more extensive work 
along these lines has been performed by 
Poulos & Davis (1972, 1975). Pile-soil slip 
can be introduced in a simplified way into 
these analyses. Finite element procedures 
have also been used to investigate negative 
skin friction by Walker & Darvall (1973) 
and Boulon, Desrues & Foray (1978), 
among others. 
All these methods have shortcomings. Some 
of them are perhaps too crude and may be 
incapable of being used in conjunction with 
settlement or deformation analyses. Elastic solu- 
tions are not well suited to represent the om- 
plex stress transfer phenomena at the interface 
and it is not easy to include non-homogeneous 
soil profiles. The finite element solutions are 
expensive for preliminary design and not availa- 
ble in parametric form. 
It was felt that some alternative simple solu- 
tion method compatible with the fundamental 
phenomena would give easy and cheap design 
procedures for a fast, yet accurate, estimation 
of negative skin loads and deformations. 
Moreover, if the analysis could be carried 
through in dimensionless form, the derived solu- 
tions could be applied for a wide variety of 
situations. 
In order to fulfil these requirements the trans- 
fer function approach, successfully applied to 
the analysis of piles under external load (Seed & 
Reese, 1957; Kezdi, 1960; Reese, 1964; Coyle 
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& Reese, 1966; Reese, Hudson & Vijayvergiya 
1969) appears to be a powerful and flexible 
method. 
In this Paper a model to compute loads and 
deformations of single piles subjected to 
downdrag effects based on the transfer function 
approach is derived. Simple numerical solutions 
procedures are developed for fairly general con- 
ditions (non-linear stress-strain behaviour at the 
pile-soil interface, non-homogeneous soil condi- 
tions and two types of mechanism inducing con- 
solidation: external loading and changes in 
piezometric head). For a specific bilinear shape 
of the transfer function a dimensionless formula- 
tion of the governing equilibrium and compati- 
bility equations is presented. For advanced 
consolidation stages analytical dimensionless 
closed form solutions are given. They can be 
used for design purposes. The derived closed 
form solutions are checked against several well- 
documented field records. 
TRANSFER FUNCTION APPROACH 
The equilibrium of an elastic pile element 
along its axis can be written (Fig. 1) as 
where w is the vertical displacement of the pile 
shaft, E,, F, and A, are the modulus of elastic- 
ity, the perimeter and cross-sectional area of the 
pile, and r is the tangential stress exerted by 
the soil. 
If the deformation of the soil adjacent to the 
pile is idealized as a pure shearing of concentric 
cylinders, the variations in vertical stress along z 
in the vicinity of the pile are neglected if com- 
pared with the shear stress gradients in the 
radial direction, and the radial displacement is 
also ignored, it can be shown (Randolph & 
Wroth, 1978) that the shear stress acting on the 
pile shaft is a direct function of the vertical pile 
displacement. All the assumptions mentioned 
are probably met quite closely. The first one 
emerged from the finite element analysis per- 
formed by Frank (1975), even if soil dilatancy is 
taken into account. However, equilibrium and 
compatibility in the radial direction, under 
elastic conditions, almost has no influence in the 
overall pile behaviour according to Butterfield & 
Banerjee (1970). 
Under this set of conditions the equation of 
equilibrium of a soil element in the vertical 
direction, expressed in a cylindrical system of 
co-ordinates (Fig. l), becomes 
h. T,, 
r+-=O r (2) 
Introducing the shear modulus of the soil G 
gives 
T,, = Gy,, = G; 
where s is the vertical displacement of the soil. 
The solution of equations (2) and (3) in terms of 
s is 
s=$f(z)lnr+h(z) (4) 
where f(z) and h(z) are two arbitrary functions. 
If no soil-pile slip is allowed, the boundary 
conditions are 
s=o if r = r. and s=v if r=R 
(5) 
where r0 is the pile radius, R some (long) dis- 
tance which corresponds to the end of the pile 
influence and u, the free consolidation settle- 
ment at depth z. According to equations (3)-(5) 
the shear stress T acting on the pile shaft can be 
written as 
(6) 
This expression can be viewed as a special form 
of a transfer function equation. An obvious 
generalization would be to write 
7=f(u---0) (7) 
Closed form expressions for u can be found 
under the classical Terzaghi assumptions of one- 
dimensional consolidation theory. For a single 
layer the vertical displacement at any point 
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induced by an external uniform load Au at the 
surface of a layer of thickness I. is 
u(T,Z)= 
~[1-z-m~o(2m:1)2a2 0 
X exp 
-Tr2(2rn + l)* 
4 
T) cos r+ nZ)] (8) 
where Z = z/L, T = c,t/L is the usual time factor 
and the uniaxial deformability coefficient a,/(1 + 
e,J is assumed to be constant. If the consolida- 
tion is induced by piezometric variations Ap,, 
and Apy at two free drainage boundaries (layer 
thickness L) 
v(T,Z)= 
avL AP-, + AP% 
-Ap,,Z+ 
APT, - AP, 
l+e, 2 2 
(9) 
where 5 = ApJAp,. 
Final settlements corresponding to both types 
of condition are, respectively, given by 
u(Z) = *(l-z) 
0 
a,L 
u(Z) =- 
1+e, 
(10) 
- Apo,Z + 
AP,, - APT z2 
2 1 
(11) 
The relationships (l), (7) and (8) or (9) define 
a differential equation for the vertical pile dis- 
placement which has to be solved with the 
appropriate boundary conditions. If Q is the 
applied external load and n denotes the number 
of consolidating layers (Fig. l), they can be 
written as 
dw ’ Q _-- 
dz- EpAp 
at z=O (12) 
0 
i+1= @f at 2 = zi 
for j=1,2...n-1 (13) 
do’+’ doi 
-=- at z=z, 
dz dz 
for j=l,2...n-1 (14) 
where 0’ is the vertical displacement of the pile 
shaft at the layer j. 
Shear stress. kPa 
r =lOOkPa ” 
20. 
Dlsplacemenl, mm 
-1 0 1 2 3 4 
Fig. 2. Drained cyclic direct shear test of the 
clay-concrete Interface 
L 
an= dl- v,) T(Z) dzp 
E, ’ 
(15) 
Equation (15) expresses that the soil tip is 
assumed to act as a rigid punch on the surface of 
an elastic half-space (E,, v,). No interaction 
between the base layer and the upper con- 
solidating soil is considered. However, the factor 
r) is introduced to account for the embedment of 
the pile tip. Randolph & Wroth (1978) suggest 
that for straight piles q is probably close to 
unity. In this Paper the assumption $ = 1 has 
been made. 
LABORATORY TEST RESULTS ON THE 
PILE-SOIL INTERFACE BEHAVIOUR 
Before going into specific proposals for the 
transfer load relationship (equation (2)), several 
laboratory tests simulating the interface be- 
haviour were run. They were intended to 
provide mainly qualitative information. Special 
attention was given to the reversal alternating 
stress conditions, likely to occur in some parts of 
the pile in almost any negative skin friction case, 
as shown later, and to the development of shear 
stress for small relative displacements. 
A standard 6 cm square shear box machine 
was modified to reproduce alternating cycles of 
shear stress. The lower half of the box was filled 
with a rather smooth concrete specimen and a 
remoulded low plasticity silty clay (w, = 27.8% ; 
wp = 18.8%) was consolidated against it. Special 
care was taken to reduce to a minimum spurious 
frictions of the box. Their effect was noticeable, 
however, for confining stresses smaller than 
25 kPa. Several tests with varying normal stres- 
ses (25-200 kPa) and a shearing speed adjusted 
to ensure drained conditions were run. 
A complete loading cycle corresponding to 
one of these tests is shown in Fig. 2. Despite the 
well-known interpretation difficulties of this par- 
ticular type of test some general trends emerged 
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Fig. 3. Relative shear stress-displacement curves for 
the direct soil-concrete shear tests: 6rst unloading 
cycle 
from the experimental results. Very small rela- 
tive displacements (0.2 mm) mobilize in all the 
tests a high percentage (close to 60%) of the 
limit shear stress, 7,. This result is valid for any 
loading, unloading and reloading branch of the 
cyclic test. In addition, a relative displacement 
of 3 mm from the point of stress reversal 
mob&es up to 95% of 7,. No significant differ- 
ences were found on successive stress reversals 
(up to a maximum of four) as far as relative limit 
stress (TJu, where on is the confining stress) is 
concerned. 
Curves for the first unloading stress conditions 
(i.e. curve AB in Fig. 2), all referred to the same 
origin, are plotted in Fig. 3. They correspond to 
several confining pressures. Some of the conclu- 
sions of the test program are readily observed. 
Also apparent is the linear relationship between 
limit shearing and confining stresses. 
In order to perform a systematic analysis, 
more easily applied in practice, it is convenient 
to simplify the stress transfer conditions at the 
pile shaft. Such a simplification is shown in Fig. 
4. The stress transfer function is characterized 
by two limit shear stress values-r,, and T,~- 
and two stressdisplacement slopes: (pi which 
corresponds to the first branch of the loading 
history at any particular point of the shaft 
(either in positive or negative shear) and 0~~ for 
any subsequent stress reversal. 
Alternatively a limiting relative displacement 
(v - w),~~ (Fig. 4) could be used instead of the 
stressdisplacement slope 01~. In fact there is 
some experimental evidence which suggests that, 
for different soil types subjected to shear along 
pre-defined planes of intense shearing, a peak is 
reached for displacements of the order of a few 
millimetres. Lupini, Skinner & Vaughan (1981) 
present results for a number of ring shear tests 
on natural soils (marls, shales, overconsolidated 
Negatwe frlctlon 
Fig. 4. Simplitied transfer function law adopted for 
the dimensionless formulation 
clays and tills). From fig. 4 of their paper it can 
be concluded that for most cases a displacement 
of 2-3mm is enough to induce the peak 
strength. Medium to high plasticity clays exhibit 
brittle behaviour and the residual strength is 
usually reached for displacements in excess of 
100 mm. There is also some evidence (Mitchell, 
1976; Littleton, 1976) that the shearing against 
hard polished surfaces encourages the develop- 
ment of residual strength at small shear dis- 
placements. 
In an experimental study of skin friction 
around small-scale model piles in clay, Chandler 
& Martins (1982) reported lateral load- 
displacement curves in which the peak was 
reached, quite consistently, in the vicinity of a 
displacement of 2 mm (fig. 7 of their paper). The 
clay used was a commercial kaolin and the 
model tests showed brittle effects associated 
with a decrease in the interface friction angle. 
Direct shear tests aimed to simulate the inter- 
face between concrete piles and sand were car- 
ried out by Clemence & Brumund (1975). The 
resulting shear stress-displacement curves, 
which did not show any brittle effect, were 
described by means of hyperbolic equations. 
Most of the shear stress was developed for very 
small displacements, usually a fraction of a mil- 
limetre. For the range of normal stresses used in 
the tests (lo-28 kPa) the relative displacements 
necessary to reach 95% of the ultimate strength 
range from 1.1 to 2 mm, according to the hyper- 
bolic equations adjusted to the experimental 
data. Large-scale model tests specifically de- 
signed to measure accurately the lateral friction 
on piles under vertical load were also carried 
out. The ultimate skin friction was reached for 
top deflexions of 1.2-1.6 mm. 
On the basis of these results it is suggested 
that the shear displacement necessary to induce 
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peak strength at the pile-soil interface will, for 
most cases, be in the range of l-3 millimetres. 
Soil type does not appear to have a major 
influence on this value. However, medium 
to high plasticity clays tend to show brittle 
behaviour and a residual strength is reached for 
large displacements (100-400 mm). On the 
other hand, sandy and silty soils and low plastic- 
ity clays do not show any noticeable reduction in 
peak shear strength with shearing displacement. 
It has been suggested that the transition 
between both groups is rather abrupt for clays of 
similar activity (Lupini et al., 1981). In addition, 
the similarities observed between shear tests and 
various model pile tests, as far as limiting dis- 
placements necessary to induce full mobilization 
of shear stress is concerned, indicate that those 
limiting displacements are also largely inde- 
pendent of pile diameter and may well be re- 
garded as an independent parameter. In an ex- 
ample of negative skin friction distribution, pre- 
sented later, a simplified bilinear non-brittle 
transfer function with a limiting displacement of 
2 mm is selected. 
It should be emphasized that stress transfer 
functions defined either numerically or analyti- 
cally from field or laboratory tests or the simp- 
lified version just described can be incorporated 
in the solution procedure outlined in the next 
section. The dimensionless formulation pre- 
sented later on is, however, based on the simp- 
lified law. 
y= 10kN/m3 
mv = 3 ‘1 O-5 kPa-’ 
Rock 
Ex = 2 I I# kPa 
v =025 
1 
40 80 120 
Postlive frlcllon: kPa Negatwe friction: kPa 
Fig. 5. Evolution of negative skin friction with de-gree 
of consolidation for an end bearing pile and linear 
transfer function; consolidation induced by changes iu 
the upper and lower piezometric levels: 
AP,I =lOkPa; Ap,=2OkPa 
The process of pile driving and, probably, the 
excavation associated with cast in situ bored 
piles takes the shaft-soil interface to an initial 
limiting residual state with pronounced particle 
reorientation. In these cases the displacements 
associated with any future negative or positive 
stress transfer take place along the (Ye lines. 
SOLUTION PROCEDURE 
A specially simple problem arises when the 
transfer function is assumed to be linear. It has 
been shown that this linearity corresponds to 
elastic behaviour of the soil. Closed form solu- 
tions were derived for the shaft shear stresses 
using the settlement equations (8) and (9). An 
example is shown in Fig. 5. The distribution of 
shear stresses along an end bearing pile for 
varying degrees of consolidation shows that 
maximum negative shear stresses tend to con- 
centrate in the upper part of the pile where 
settlements are larger. These results are believed 
to be of very limited interest in practical situa- 
tions. 
For general transfer functions a numerical 
solution procedure is needed. A finite difference 
approximation of equation (1) can be written 
@itI = (Az)‘xr, + 2wi -w,-, (16) 
where x is a constant (-2/E,r,,, if the pile is a 
cylinder of radius rJ and ri is given by the 
transfer function at point i, T, = f(u, -wi). 
It has been found that a convenient and pow- 
erful procedure for solving the problem for 
heterogeneous soil profiles and complicated 
anelastic transfer functions is to consider equa- 
tion (16) as a marching scheme in conjunction 
with a ‘shooting’ method. 
Instead of formulating a full set of non-linear 
equations the solution is found by adjusting 
successively the initial conditions at the pile top 
so that convergence is found for the settlement 
of the pile base. Consider in Fig. 6(a) a distribu- 
tion of pile downward displacements generated 
(b) 
Fig. 6. !khemes illustrating the shooting method for 
solution 
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Fig. 7. Evolution of negative skfn friction with degree 
of consolfdatfon for an end bearing pile; consolidation 
induced by an external unffom~ load Aa = 150 kPa. 
Pervfons sofl-pffe interface: (a) shear teat distrfbution 
along the pile SW, (b) total downdrag axfai forces; 
(c) stress bistorfes of some points along the shaft 
by equation (16). For an initially assumed pile 
top displacement w:“, and the following condi- 
tion at the second point 
&‘Z” :“- oo AZ/E, (17) 
(cro is the external unit load acting on pile top 
and equal to Q/A,), repeated use of equation 
(16) leads to a base settlement w(nl). This dis- 
Negative 
frlctlon 
Negatwe I 65% 100% frlctlon o’5 z-!---i 
placement must coincide with the value 
which is computed through the transfer function 
and the first approximation of vertical displace- 
ments along the pile (curve (1) in Fig. 6(a)). 
Some error, ERR”’ = w(n) - ~~2 will, however, 
be induced. Identical procedure is now repeated 
for a secondly selected initial displacement WY). 
The new settlement error at the pile base, 
ERR”‘, will help in finding a new improved 
guess for the top displacement (Fig. 6(b)) 
w ‘1’1 = (ERRG)oy) - ERR”‘w:1’)/(ERR’2’- ERR”‘) 
(19) 
Convergence was accepted at the Nth iteration if 
ERRcN’< 10m4cm. In all the cases analysed 
NS6. 
Two examples which show the application of 
this method are presented in Figs 7 and 8. The 
evolution of shaft friction and total axial load 
along the pile, with increasing degree of consoli- 
dation, is presented in Figs 7 (a) and (b) and 8 (a) 
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Fig. 8. Evolutfo~~ of negative skfn frfctio~~ with degree 
of consolidatfon for an end bearing pile; consolidation 
induced by an external nnfform load AU= 15OkPa. 
Jmpervioos so&pile interface: (a) shear stress dfs- 
trfbution along the pile shaft; (b) total dowadrag axfal 
forces: (c) stress histories of some points along the 
Shaft 
and (b). In both cases a limit shear stress linearly 
increasing with depth, based on an effective 
stress procedure for shear strength evaluation, 
was adopted. It may be written as 
7, = a,,’ tan 4’ = K tan #~‘(y’z + Au’) (20) 
where crh’ is the effective horizontal stress, K the 
lateral earth pressure, tan 4’ the frictional 
strength parameter, y’ the submerged unit 
w 
weight and Aa’ the external load transferred 
into vertical effective stress. A stress-relative 
displacement law including recoverable and 
plastic terms with a constant relative displace- 
ment (V - o),~,,, = 2 mm was assumed (see Fig. 4). 
Consolidation of the soil was induced by an 
externally applied load so that the displacement 
u is given by equation (8). 
In Fig. 7 the pile-soil interface is assumed to 
be drained as may be the case in a previous pile. 
Aa’ is then constant and equal to the applied 
external load. In the more common example 
(Fig. 8) the pile-soil interface drains at the same 
speed as the surrounding soil and therefore the 
vertical effective stress Aa’ increases in time as 
consolidation proceeds. 
In both cases, for the low range of degrees of 
consolidation (U <_50%), a large portion of the 
pile length is in a state of displacement compati- 
bility. This zone decreases as consolidation 
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Fig. 9. Dehition of symbols: dimensionless formula- 
tion 
advances and, at the same time, the neutral 
point tends towards the pile base. For these 
particular cases the elastic zone is negligible for 
degrees of consolidation larger than 75%. 
An interesting result is the cyclic behaviour 
experienced, during consolidation, by the shear 
stress at some of the shaft points (Figs 7(c) and 
S(c)). 
Any realistic stress transfer function should 
therefore include the possibility for stress rever- 
sals at any time during consolidation. 
DIh4BNSIONLESS FORMULATION 
At this stage it seems convenient to formulate 
the problem anew in dimensionless terms in 
order to reach more general conclusions. A 
simplified bilinear transfer function (Fig. 4) with 
limiting shear values given by equation (20) will 
be adopted. Along the pile, a zone of (elastic) 
displacement compatibility around the neutral 
point and a pair of plastic zones are dis- 
tinguished (Fig. 9). The detailed analysis is 
developed separately in Appendix 1. The solu- 
tion is expressed in terms of the dimensionless 
quantities 
C, = K tg +‘y’L*/Epro 
C, = K tg 4’ AuL/E,rO = C, Auly’L 
G = (v - W),i,lL 
C, = m, Au if settlement is induced by 
uniform external load 
= Apym, if settlement is induced by 
changes in piezometric level 
Cs = (1 - vT2)rEpro/E,L 
G = Q/APE, 
G = (AP,, - Ap,)m, 
Repeated application of the developed com- 
puting procedure for a wide variety of combina- 
1 
zone 1 
(negative 
frlctlon) 
lzp 
- --- + Neutral point 
Fig. 10. Distribution of the limiting shear stress along 
tbe pile shaft if the thickness of the elastic zone is 
neglected 
tions of the relevant dimensionless factors 
showed that, at the end of consolidation, the 
shaft shear stresses had reached their limiting 
values for most of the pile length. Consistently 
the elastic zone in which soil-pile deformation 
compatibility exists was very narrow. In fact for 
most of the cases analysed this situation was 
found to be true for a wide range of degrees of 
consolidation and not only for the final stages. 
Exceptions to this particular distribution of 
shear stresses were found either when the end 
bearing stratum had a high deformability or in 
cases of relatively high stiffness of the con- 
solidating layer. Both cases are of little practical 
interest. 
If, according to these findings, an elastic zone 
of zero thickness (neutral point) is assumed (Fig. 
10) the solution can be simplified (see Appendix 
1). Once the position of the neutral point Z,= 
z,/L is known, all the relevant stresses and 
displacements of the pile are easily computed as 
follows. 
Pile normal stress at the neutral point 
- = (AoLZ, f 1/2y’Zp2Lz) + Q/A, uz=z, - 
rn 
(21) 
Pile normal stress at the end bearing point 
uz=1- -F [AuL(2Zp- l)+ y’L*(Z,2- 1/2)] 
” 
+ Q/A, G9 
Displacement at the pile point 
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Displacement at the pile top 
o,=o,,+~[*~=‘(2Z~-Z~-1/2) 
0 ll 
+ y’L3(Z,’ - 2/3Z,,3 - l/6)] +$& (24) 
P P 
A limiting case for the applicability of this 
simplified approach is found when the pile does 
not transmit any load to the end bearing 
stratum. Some extreme combination of the 
dimensionless parameters controlling the prob- 
lem may lead to this situation or even result in 
negative stresses. The condition W(1) = 0 leads 
to a set of critical positions for the neutral point 
which are given by 
z, = -G/C, + J[(C,/C,)’ 
+(1/2-t G/C, -C,/2CdI 
= HGIG, GIG) (25) 
This relationship is shown in Fig. 11. If there 
is no external load acting on the pile (C, = 0) the 
limiting values for the position of the neutral 
point are in the range Z,= J2/2 (when the 
limiting shear stress increases linearly from a 
zero value at the surface) to Z,, = 0.5 (when 
uniform shear strength is assumed throughout 
the pile length). The influence of the external 
load is always to raise the position of the critical 
neutral point. Once a value of Z, is found using 
the hypothesis of fully plastic distribution of 
shear stresses along the pile, Fig. 11 may be 
used to obtain an indication of the soundness of 
the hypothesis. Computed Z, values close to the 
values shown in Fig. 11 indicate the need for a 
more precise analysis along the lines 
developed previously. 
The solution given by equations (21)-(24) is 
thought to be of some interest for most practical 
situations. It is simple to use and gives, if com- 
pared with the full solution which has to be 
obtained numerically, almost the same answer. 
A number of graphs covering a wide range of 
dimensionless design parameters are presented 
in Fig. 12. They give the position of the neutral 
point in the absence of external load acting on 
the pile. The critical positions of the neutral 
point have also been taken into account in draw- 
ing these graphs. 
The applicability of this procedure is checked 
later against the results of a number of 
instrumented case histories. 
EXTENSION TO OTHER PRACTICAL CASES 
An interesting feature of the model developed 
is its adaptability to a variety of situations. In 
particular it is especially well suited for studying 
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Fig. 11. Limfting values for the position of the neutral 
point when no load is transferred to the lower bearing 
Stratum 
the negative skin friction in non-homogeneous 
deposits provided that the transfer function for 
each layer is known and the distribution of 
consolidation settlements could be computed. 
For a general case there is no hope for analyt- 
ical solutions and resort should be made to 
numerical solutions. The shooting method is 
simple and powerful. 
A common and interesting case is presented 
in Fig. 13. A layer of low deformability soil 
(i.e. a sandy layer, a compacted fill) rests 
over a consolidating clay layer. For most of the 
practical cases, at the end of consolidation the 
thickness of the zone of settlement compatibility 
is very narrow and may be reduced to a point. 
With this assumption if the upper layer moves as 
a rigid body and the shear strength is fully 
mobilized, a relationship identical to equation 
(45) (Appendix 1) may be established to find the 
location of the neutral point. The coefficients a,, 
a2 and a3 are now given by 
(264 
-b(q,*- q?-$P,*-PI*) (26b) 
6 
a3=51,p,*L3 -m0b2(P1 -~~)-2rrr~b(qi -qJ 
+rrroL2p2+2moq,L+~-2-Q 
0 !J 
+ q2*I,L2 b’I,L 
--2(P**-P1*) 
2 
b&L(q,* - ql*) + ALI, 1 (26~) 
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1 Upper layer 
2 Consolldatlng layer 
Fig. 13. Non-deformable layer over consolidating 
stratum. Fully plastic approach 
where pi” = 2pJr0E,, q,* = 2qi/r,E,, p2* = 
2pJroE,, q2* = 2qJr0E,, V=A+BZ+CZ’, 
and I, = 2r,E,/(l- v,‘). The symbols not defined 
previously are indicated in Fig. 13. Once the 
location of the neutral point is known, the com- 
putation of significant stresses and displacements 
of the pile is straightforward. 
The application of load over the pile at any 
time during the consolidation process is another 
Pmt~ve frlctm: kPa 
- 
Negatwe friction kPa 
- 
L=lOm 
r. = 0.5 m 
Ep= 2XlO’kPa 
m, = 3 X 1 O-5 kPa-’ 
(52.5) 
60 40 20 0 20 40 60 80 80 60 40 20 0 20 40 60 
(79.6) (79.6) 
case which can be handled without special 
difficulties. Repeated stress displacement cycles 
may result as a consequence of both arbitrary 
load histories and the consolidation process 
itself, as indicated before. A simple case is illus- 
trated in Fig. 14. At the end of the consolidation 
induced by a reduction in water pressure (Ap,, = 
Apy = 100 KPa) at both ends of the pile (Fig. 
14(a)) an external load is applied (cro = 2~ 
lo3 kPa) (Fig. 14(b)). Since the pile is assumed 
to rest in an incompressible layer the neutral 
point in both cases is very close to the pile 
bottom. For this particular case the application 
of the load causes a complete reversal of shear 
stress conditions along the pile shaft. 
COMPARISON WITH FIELD MEASUREMENTS 
Several case records in which the negative 
skin friction on single piles was measured were 
examined in order to check the preceding fully 
plastic analysis. Surprisingly, few of them 
reported the necessary minimum amount of field 
data to allow the proper application of the 
developed prediction procedures. In most of the 
cases the data presented could only be used to 
perform qualitative comparisons. Only those 
cases allowing for a quantitative estimation of 
downdrag loads on the pile and its comparison 
with the actual measured loads are reviewed 
here. 
An interesting case history was presented by 
Endo, Minou, Kawasaki & Shibata (1969). Two 
vertical end bearing piles, a battered pile and a 
Positive friction kPa 
- 
I 
Negatwe friction: kPa 
Q - 
(a 0 
Fig. 14. Effect of the application of an external load OII the pile at the end of the consolidation process: (a) shear 
stress dktriiution corresponding to the downdrag effect induced by a reduction in water pressures at both ends of 
the pile; (b) effect of the application of an external load at the pile top 
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Table 1. Sign&ant parameters of the piles anal@ 
C* 40 D,, = 500 mm 9 2.5 x 10-h 2.4~ 10’ 2X10R - 
e=Smm 
G* 30 D,,, = 500 mm 9 2.5 x 1O-4 2.4 x lo5 2X10R - 
e=Smm 
H* 33 D.., = 500 mm 9 2.5 x 1om4 2.4 x 10’ 2x10” - 
e=8mm 
ACT: 
kPa 
- 
114 
114 
140 
100 
100 0.18 
Ktgb’ Reference 
0.32 
0.2 
0.2 
0.25 
0.18 
0.18 
353 
?ndo et al. 
(1969) 
Johannessen & 
Bjerrum 
(1965) 
Bjerrum et al. 
(1969) 
* An upper 9 m thick IiJl layer was accounted for by means of an external load on the pile which is given in the reference. These 
loads were 1, 5, 3.5 and 3.5 x lo5 N for piles A, C, G and H respectively. 
t Estimated from WI records. 
floating pile “were installed in a 43 m thick in the penetration resistance that reaches values 
alluvium underlain by sand. Only the first two of N = 50-60 at 3-4 m below the contact with 
cases could be analysed by the developed the consolidated alluvium. In order to estimate 
approach. Negative skin friction loads were the amount of porewater pressure reduction in 
induced by a decrease in the piezometric head of the lower sand, the measured surface settlement 
the lower sand stratum. The relevant pile and with time was interpreted according to the one- 
soil parameters are indicated in Table 1. The dimensional consolidation theory. An average 
deformation modulus of the lower sand was not value of 3.5 m of piezometric head variation was 
directly reported. Only SF’T N values are availa- computed. A set of dimensionless parameters 
ble. The published records show a rapid increase were found (Table 2) and maximum and point 
Table 2. Dimensionless parameters and loads computed and recorded in the p&S indicated 
C 8.1 x 10-d 3.1 x 10-d 3.5 x 10-Z 0.9 2.0 x 1om4 3990 2930 3865 2930 
G 4.6 x 1O-4 1.7 x 10m4 2.5 x lo-* 1.3 1.4 X 10m4 2270 2900 - - 
H 5.5 x 1O-4 1.9x 10m4 2.5 x 10m2 1.2 1.4~ 1O-4 2540 2100 
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Endo et a/ (19691 
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II Pile oE43 point load 
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/’ 
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Measured axial load kN 
Fig. 15. smnmary of comparisons between predicted 
and measured downdrag loads 
loads predicted. They are compared in Table 2 
with the measured values. 
Johannessen & Bjerrum (1965) describe 
measurements on a steel pile driven to rock 
through 45 m of soft to medium glacial clay 
subjected on its surface to a uniform loading 
induced by 10 m of fill. The reported consolida- 
tion settlement (1.2 m) of the surface provides 
an average estimation of the coefficient m,. No 
direct indication of the deformation characteris- 
tics of the underlying bedrock (Ordovician 
calcareous schist) was given. However, the re- 
ported settlement of the pile point (6 cm) when 
the point load reached 250 tons was used to 
derive an equivalent rock modulus E,. The 
remaining pile and soil parameters, dimension- 
less coefficients and predicted and measured loads 
are indicated in Tables 1 and 2. The friction 
within the fill layer was observed to be relatively 
small. It has been disregarded in this evaluation. 
A number of isolated piles subjected to nega- 
tive friction under different conditions were 
analysed by Bjerrum, Johannessen & Eide 
(1969). Several piles were installed to evaluate 
the performance of shear stress reduction proce- 
dures. No estimation of the shear transfer con- 
stants was given for these cases. Accordingly 
only the reference piles have been analysed. For 
all the cases the observations started and ended 
in a fraction of the total consolidation period. 
However, the current rate of settlement during 
the observation period coupled with the small 
shear strain necessary to mobilize the interface 
strength should make this approach represent 
quite closely the actual stress conditions of the 
piles. Some discrepancies in the additional effec- 
tive stress conditions induced by the fill should 
arise, however. Their influence is judged to be 
of lesser importance. In any case the predicted 
values should be an upper bound of (but it is 
hoped close to) the measured ones. 
The so-called pile A was driven to bedrock 
through 9 m of upper fill and a layer of 21 m of 
consolidating clayey silt. The influence of the fill 
layer was taken into account by means of an 
external load of lo5 N according to the data 
given in the paper. Only indirect data (water 
content, undrained shear strength) of the silty 
clay could be used to estimate the deformability 
of the soil. However, the similarity to the soil 
conditions reported in the previously analysed 
case (Johannessen & Bjerrum, 1965) prompted 
us to adopt similar values for m,. The point 
settlement was used to derive an equivalent rock 
modulus. Similar estimations were made for 
another site (pile C) where a tubular pile was 
installed through 15 m of fill and 40 m of marine 
clay. The fill exerted in this case a measured 
load of 5 x 10’ N on the pile at the level of the 
fill-clay contact. The remaining soil and pile 
parameters and the computed and measured 
loads for both piles are presented in Tables 1 
and 2. 
Two more piles (piles G and H) were installed 
in a nearby area where a fill of 13 m had been in 
place for 70 years, and the rates of settlement 
were very low compared with those for the 
preceding two cases. The fill transmitted a 
uniform load of 10 kPa. The pile-fill friction was 
substituted by a concentrated loading of 3.5 X 
10’ N at the upper clay level according to meas- 
urements. Soil conditions were taken as in the 
pile C case. The computed loads are shown in 
Table 2. The measured values after two years of 
observation are also indicated. 
A summary of the observed and predicted 
loads is plotted in Fig. 15. Most of the predicted 
downdrag loads tend to be somewhat larger than 
the measured values. This is not surprising in 
view of the fact that a fully plastic approach has 
been used as a prediction theory, coupled with 
the fact that some observations did not last for 
the full consolidation period. Despite these 
effects the agreement is quite satisfactory. 
CONCLUSIONS 
This Paper develops a simple and accurate 
model of the load transfer induced by negative 
skin friction. The resulting equations have been 
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formulated in dimensionless terms and a ver- 
satile numerical solution procedure has been 
devised. In this way fairly general analyses for 
arbitrary soil profiles, consolidation conditions 
and load histories can be performed at a limited 
cost and effort. Sensitivity analyses are specially 
facilitated by this approach. 
Some interesting features of the shear transfer 
conditions at the soil-pile interface have also 
been clarified. It was shown that even the simp- 
lest cases involve, at the local level, stress rever- 
sals. 
It has also been shown that for many practical 
cases the distribution of shear stresses along the 
shaft can be simplified further so that the length 
of strain compatibility between soil and pile 
could be reduced to a single point. In this way 
closed form solutions for all the relevant design 
parameters were derived. 
The charts may be used in many practical 
situations. A few well-documented case records 
were examined by means of the developed pro- 
cedures. The comparison with the measured 
response of the piles, in terms of downdrag 
forces, was quite satisfactory. 
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Boundary conditions can also be formulated for 
stratified soils. For the jth contact between two adja- 
cent layers j - 1 and j, it can be written as 
(41a) 
dW, dW;_, 
Z=z,/L; ==- 
dZ 
(4Ib) 
A family of dimensionless constants C,, C, and C, 
are correspondingly defined as follows 
C,i = K; tg &‘yi’LZ/Epr,, 
C,< = K, tg bit Aa L/E,r,, 
c,i = (v -0),&L 
Non-circular cross-sections can be accommodated 
by substituting r0 by twice the cross-sectional 
area/perimeter. 
Simplified pfastic approach at the end of consolidation 
If an elastic zone of zero thickness (neutral point) is 
assumed (Fig. 10) the solution can be simplified. The 
differential equations expressing equilibrium of the 
pile shaft in the two plastic zones, negative and posi- 
tive, are written, for the end of consolidation condi- 
tions (equation (39) with R = 0) 
d2W. 
--&=2(c,z+c2)(-l)i+l j=l,2 (42) 
However, the boundary conditions are now 
z=o; gLC6 
Z=zdL; w,=w, (43b) 
dW,_dW, Z=zJL; -dZ 
dZ 
(43c) 
Z=z,lL; w, = v (43d) 
[d 
ZJL 
Z=l; c, (C,Z + C,) dZ 
_ (C,Z+ C,) dZ 1 = U;(l) (43e) 
The hypothesis of zero thickness of the elastic zone 
does not imply neglect of its existence. Pile soil dis- 
placement compatibility is enforced at the point of 
shear stress turning from negative to positive values. 
For a parabolic variation of the free soil settlement 
V (which includes the common cases of uniform sur- 
face load, pore pressure variation at both ends or a 
combination of both) 
V=A+BZ+CZ’ (44) 
closed form solutions can be found for the problem. In 
equation (44) consolidation induced by a uniform 
external load is obtained if A = C4; B =-Cd; C = 0. If 
settlement is induced by change in piezometric condi- 
tions A = (2C,+ C,)/2; B = -(Cd+ C,); C = C,/2. 
A convenient solution is found in terms of the 
dimensionless depth L?$ = z,/L of the neutral point. It 
can be shown that Z, 1s the solution of the third order 
equation 
ZP’+a,Z,‘+aZZp+a3=0 (45) 
where 
a, = (18C,+6C,C, - 12C, +24C)/lOC, (46a) 
az= (-12C,C,-6B+12C,+C,)/lOC, (46b) 
a,=(-C,C,+6C,+3C,C1 
+6C,C,+6A - C,)IlOC, (46~) 
The valid solution to equation (45) is given by 
Z,,=E+F-a,/3 if H>O (47a) 
Z,=2E-a,/3 if H=O (47b) 
Z,= 2aM cos (813 i4~/3) -a,/3 if H<O (47~) 
where 
H=q2/4+p3/27; p=a,-a,2/3; 
q =a,-a,a,/3+2a,3/27; M=J(-~~127); 
cos tI = -q/2M; E = J[-q/2+J(q2/4+p3/27)]; 
F = a[-q/2 - J(q2/4+ p3/27)] 
